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The study of free convective MHD Couette flow of nanofluid between a vertical 
permeable channel is investigated in the prsence of  thermal radiation effect and 
suction/injection through porous medium. Cu-ethyleneglycol  is considered for 
analysis. Crank-Nicolson implicit diference method is used to solve system of 
governing unsteady, coupled equations. Also the flow and heat transfer for  steady 
state of this mathematical model is also investigated. A comparetive study for both 
the cases steady and unsteady is analyzed and disscussed. For both the cases, effect 
of various physical parameters on velocity distribution, temperature distrtibuiton is 
depicted graphically. 
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Introduction 

The transient behaviour of a natural convection flow between vertical or horizontal 

channel has its applications in technological processes. Channel flows are important and occurs 

in many industrial and engineering applications. Transient free convection MHD flows with 

radiation have attracted the interest of many researchers in view of their applications in modern 

materials processing. Moreover, many reseachers have studied flow and heat transfer through 

vertical parallel porous plates, vertical channel.Study of natural convective flow in two regions 

one is fiiled with micropolar fluis and one is from viscous fluid in  vertical channel has been 

investigated by Kumar et al. [1]. Further, the effect of inertial force in mixed convection flow 

between vertical channel in porous medium was numerically investigated by Umavathi et al. [2] 

taking into account the effect of Darcy an viscous dissipations.Hussanam et al.[3] and Khalid et 

al. [4] have studied unsteady MHD conjugate flow for different fluids over an oscillating vertical 



Journal of Advanced Research in Applied Sciences and Engineering Technology Vol. 6, Issue 2 July (2024) 
 

 

257 
 

plate embedded in a porous medium. MHD Couette motion of an electrically conducting, viscous 

incompressible fluid through saturated porous medium bounded by two insulated vertical porous 

plates is analyzed by Khem et al. [5]. Jha et al. [6-7] obtainedthe sloution for the problem of 

transient natural convective Couette flow between two infinite vertical parallel plates. Kataria 

and Patel [8, 9] has anayzed the effect of radiation, chemical raction, Soret and heat generation 

effect on MHD free convective Casson fluid flow past an oscillating vertical.  

The unsteady MHD free-convection flow governed by the impact of suction or injection 

is one of the distinguished present-day themes. In many engineering processes suction/injection 

is used to cool the surface remove/add the reactants and prevent corrosion, thermal oil recoverys, 

design of thrust bearing. Attia [10] examined the Couette flow and heat transfer with the effect of 

suction and injection by taking in account of variable properties. Rundora and Makinde [11] 

studiedthe effct of suction/injection on unsteady fluid flow between two parallel plates in a 

porous medium with convective boundary condtions. They have taken third grade fluid and 

variable viscosity. Jha et al. [12, 13] has given both anayltical and numerical solution for Couette 

flow of viscous incompressible fluid between two infinite vertical porous plates and vertical 

channel respectively.  

For the above studies nanofluid is not considered but for the enhancement in heat 

transfer, the idea of improving heat transfer performance of fluids with the inclusion of solid 

particles was first introduced by Maxwell [14]. Suspensions involving mille or micro sized 

particles create problems, such as fast sedimentation, clogging of channels, high pressure drop, 

and severe erosion of system boundaries. To overcome these problems, Choi and Eastman [15] 

used ultrafine nanoparticles with base fluid known as nanofluid.Buddakkagariand Kumar [16] 

studied two-dimensional transient hydrodynamic boundary layer flow of nanofluid past a cone 

and plate with constant boundary conditions by using  Crank Nicolson implicit diference method. 

By appliying this same method Chouhan and Kumar[17] obserevd the radiation effect on 

unsteady flow with velocity and temperature slip boundary conditions in a porous medium 

channel.Intensive attention has been directed at numerical simulations of convectiveboundary 

layer flow and heat transfer in nanofluids through vertical plate orchannels with or without 

MHD, radiation and other effectsby several researchers such as [18-29].Many researchers as [30-

33] have been studied mixed convective magneto hydrodynamic water based nanofluid the 
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different geometries like vertical channel, stretching sheet, inclined duct, cylinder, inclined 

cylinder & wavy channel etc. 

 The present work is aimed to investigatefree convective MHD Couette flow of nanofluid 

between a vertical permeable channel in the prsence of  thermal radiation effect and 

suction/injection through porous medium. The investigation is done for both steady and unsteady 

flow and heat tranfer under same boundary conditions. The results obtained are found well in 

agreement with prsent literature.  

Mathematical Formulation 

In this present study, we consider unsteady free convective Couette flow of a  between a 

vertical channel formed by two infinite porous plates embedded by porous medium in the 

presence of tranverse magnetic field B0and radiation flux of intensity rq . We assume that the 

induced magnetic field is not considered, as the magnetic Reynolds number is taken very small.. 

The Ohmic heating, ionslip and Hall effects are neglected as they are also assumed to be small. 

Ethylene glycol based containing Copper nanoparticles is taken for investigation. The 

nanoparticles spherical shape and size are assumed to be uniform and are in thermal 

equilibriumwith base fluid. 

We take the Cartesian coordinate system  ', 'x y in such a way that 'x -axis is along the 

moving vertical plate in upward direction, 'y -axis is normal to the plane of the plate. Since the 

porous plates are infinite in extent, the velocity and time are functions of 'y  and 't  only. The 

fluid and the porous plates of the channel are initially at rest and the whole system is kept at a 

constant temperature T0. A porous plate which is situated at ' 0y  starts moving along 'x

direction with a velocity U at ' 0t  and at the same time temperature of the plate is raised to Tw. 

The other porous plate is kept at distance H from the moving plate with the constant temperature 

T0  0wT T . Suction/injection with the velocity V0is considered for the moving porous plate 

situated at ' 0y  . 

The governing momentum and energy equations in dimentional form are: 

   
2

2
0 0 02

0

' ' '
' '

' ' '

nf

nf nf nf

u u u
V B u g T T u

t y ky


   

   
      

   
 (1) 
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

    
   

   
  (2) 

Appropriate boundary conditions are 

0' 0 : ' 0, ' , 0t u T T y H      

0

' , ' , ' 0
' 0 :

' 0, ' , '

wu U T T at y
t

u T T at y H

  
 

  
  (3) 

where, 't and 'u are time and fluid velocity in the 'y  direction, g is the gravitational 

acceleration, 'T  is the dimensional temperature of the fliud,  is the fluid electrical conductivity, 

0k  is the permeability coefficient. 

nf , nf , nf , nfk , nf  and  P nf
C  are  effective dynamic viscosity,  effective density, 

effective kinematic viscosity, thermal conductivity, thermal expension  and  the heat capacitance 

of the nanofluid,which are defined asfollows [27]: 

 
2.5
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,
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s f f snf
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

    


   
      1 ,P P Pnf f s

C C C        (4) 

where,   is the solid volume fraction of nanofluid,  , , , ,f f f f P f
k C    are reference density,  

dynamic viscosity, thermal conductivity, thermal expension and heat capacitance of base fluid, 

respectively.  , , , ,s s s s P s
k C    are reference density, dynamic viscosity, thermal conductivity, 

electrical conductivity and heat capacitanceof  solid fractions, respectively. To measure the 

thermal conductivity of the nanofluid, nfk for different shapes of nano particles, we adopted the 

following formula which is given by Hamilton and Crosser[30]. Here n is the nano particle 

shape, for spherical n=3 and for cyildrical shapd particles n=3/2. Here we take spherical shaped 

nano particles. The subscript nf denotes nanofluid, f reprsents the base fluid and s denote solid  

nanoparticle. 

For radiation effect, we use Rosseland diffusion approximiation 
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 
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where 1 is the Stefan–Boltzmann constant and 1k is the mean absorption coefficient. We 

assumed that the temperature differences within the flow are such that the term 4T may be 

expressed as a linear function of temperature. This is accomplished by expanding  4T in a Taylor 

series about 0T and neglecting second and higher order terms, we get 

4 3 4
0 04 ' 3T T T T   

 3 4 34 2
0 0 1 01 1

' 2
1 1 1

4 ' 3 164 4' '

' 3 ' ' 3 ' 3 '

r
T T T Tq T T

y k y y k y ky y

 
             
        

  (5) 

The physical properties of the Cu particles and base fluid(Ethylene Glycol) are shown in Table 1. 

 

Introducing the dimensionless quantities for converting the present problem in dimentionaless 

form are 

0

2
0

' '' '
, , , ,

nf

w

t T Ty u
t y u

H U T TH





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
 

where, t, u and  are nondimentional time, velocity and temperature. The magnetic parameter, 

Prandtl number, suction/injection parameter, Grashoff number, radiation parameter and porosity 

parameter are defined respectively, as follows: 

 

 22 2
02 0 0, Pr , , ,
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k g H T TB H V H
M S Gr

C U



    


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3
1 0 0

2
1

4
,

f

T k
N K

k k H


    (6) 

By using equations (4-6) in equations (1-3), we get the non-dimentional form of momentum and 

energy equations with respective boundary conditions as follows: 

2
2

1 2 1 3 12

u u u u
S Gr M u

t y Ky
     

   
     

   
  (7) 
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  (8) 

with the dimensionless initial and boundary conditions as 

0 : 0, 0, 0 1t u y      
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Method of Solution 

In order to solve these unsteady,  non linear momentum and energy equations (7) and (8) subject 

to the initial and boundaryconditions (9) Crank-Nicolson implicit finite difference scheme [31] 

are employed. In recent years partial differential equations has been solved by this method and 

thismethod is considered as one of the most reliable procedures. It is unconditionallystable. It 

utilizes a central differencing procedure for space and is an implicit method. Thepartial 

differential terms are converted to difference equations and the resulting algebraicproblem is 

solved using a tridiagonal matrix algorithm. For transient problems a trapezoidalrule is utilized 

and provides second-order convergence. The Crank–Nicolson Method (CNM)scheme has been 

used in numerous heat transfer, radiation and convection flow problems. The computational 

domain  0 t  and   0 1y  is divided into a mesh of lines parallel to tand yaxes. 

The finite difference equations corresponding to Eqs. (7)–(8) are as follows: 
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  (10) 
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       (11) 

Here, the subscript i classify the grid point along the y-direction, j along the t-direction. An 

appropriate mesh size consideredfor the calculation step sizes 0.001t  and 0.01y   for t and 

y, respectively. The values of u and   are known at all grid points at t = 0 from the 

initialconditions. With the help of the known valuesat pervious time level (j), the computations 

of u and  at time level (j+1) are calculated.  

The finite difference equations (10)-(11) are transformed to the following algebraic equations: 
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With the reference of [16],the finite difference equation (8) at every internal nodal point 

on a particular i - level constitutea tri-diagonal system of equations. Such a system of equations 

is solved by Thomas algorithmas described in [16]. Thus, the values of  are found at every 

nodal point on a particular i at(j+1)thtime level . Similarly, the values of uare calculated from the 

equation of (8). Thus the values of u and  are known on a particulari-level. This process is 

repeated for various i - levels. Thus,the values of u and  are known at all grid points in the 

rectangular region at (j+1)thtime level. Computations are carried out untilthe steady state is 

reached. The steady state solutionis assumed to have been reached, when the absolutedifference 

between the values of velocity u as well as temperature   at two consecutivetime steeps are less 

than 10-5 at all grid points. 

 

Perticular Case: Steady state 

We have converted present problem in steady state and solved analytically. 

 

The steady state equations with boundary conditions are: 
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  (17) 

The boundary conditions are 

1, 1 0u at y    

0, 0 1u at y                 (18) 

        

Anaytical Solution 

The solution of equations (16-17) under the boundary conditions (18) for non-dimentional 

velocity and temperature profile as follows: 

1 2
syC e C     (19) 
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Results and discussion 

The influence of various parameters such as magnetic field parameter (M), permeability 

parameter (K), radiation parameter (N), volume fraction of nanoparticles   , Grashof number 

(Gr), suction parameter (S) on velocity and temperature distribution in both cases, i.e. for steady 

and unsteady problem are presented in the Figs. (2-10). The Prandtl number of base fluid (water) 

is kept on 6.2. The constant  0.5 0S   represents injection at the plate ' 0y  and simultaneous 

suction at ' ,y H while  0.5 0S    corresponds to suction at the plate ' 0y  and simultaneous 

injection at 'y H . When 0  the model contracts to the governing equations for a regular 

viscous fluid i.e. nanoscale characteristics are eliminated. 

 Figs. (2-3) represent the effect of radiation parameter (N) and volume fraction  

respectively on temperature of nanofluidflow for  both the situations i.e. suction/injecton at 

moving plate. It is observed that temperature increases as N or  increases, for both 

suction/injection in unsteady state as well as for suction in steady state, because increase in the 

radiation parameter provides more heat to fluid that cause an enhancement in the temperature 

and thermal boundary layer thickness, but it should be notice that when injection is applied on 

moving plate (S>0) in steady state temperature decreases as N or  increases. 
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The influence of dimensionless time t on temperature profile and velocity profiles are 

illustrated in Figs. (4-5) for injection as well for suction at y = 0. It is noticed that the field 

velocity and temperature both increases with the increament in time until it attains its steady 

state. Furthermore, temperature variation in Fig. 4 shows prominent effect of t,in case of 

injection at y = 0 as compared with suction at y = 0. 

From Fig. 6(a-b) it is noted that variation in permeability of the porous medium K shows 

prominent effect on steady state velocity when either injection or suction is applied at y = 0. 

Further velocity increases as permeability parameter  increases, butthis increamnet insignificiant 

at higher permeability.It is due to the reason that Darcy’s resistance force decreases as 

permeability increases, therefore flow increases. 

Transient and steady state velocity of nanofluid decreases as magnetic field parameter M 

increases, which can be seen from Fig. 7 (a-b) in both case, i.e.  when S>0 and S<0. This is  

because the presence of magnetic field in an electrically conducting fluid introduces a force 

called the Lorentz force, which acts against the flow if the magnetic field is applied 

perpendicular to the flow direction. 

 

The effect of volume fraction paramter  on velocity distribution for both steady and unsteady 

state is presented in Fig. 8 (a-b). The result shows that flow velocity reduces when volume 

fraction of nanoparticles is increased in both states, but the role of  is insignificant on velocity 

in case of unsteady state for both situation when injection is applied at moving plate and suction 

is on stationary plate or vice-versa. 

Fig. 9 (a-b) depicts the effect of Grashof number Gr on velocity distribution under the 

influence of injection and suction respectively. For both the states increasing value of Gr 

enhance the steady and unsteady velocity. Also the effect of Gr is more significant in steady state 

as comparedwith transient state in both Figs. 9(a) and 9(b). From Fig. 10 (a-b) we can see that 

both the steady and unsteady state velocity diminishas radiation parameter increases when S>0 

(injection) at y = 0 and it shows reverse effect for S<0 (suction) at y = 0. 
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Conclusion 

We have investigated free convective MHD Couette flow of nanofluid between a vertical 

permeable channel in the prsence of  thermal radiation effect and suction/injection through 

porous medium. The investigation is done for both steady and unsteady flow and heat tranfer 

under same boundary conditions. We have observed that: 

 For both situations suction/injection, the field velocity and temperature both increases 

with the increament in time until it attains its steady state. 

 For both suction/injection, velocity profile increases with increasing effect of 

permeability paramter K and Grashof number Gr, while reverse effect shows in 

increament of magnetic paramter M and volume fraction paramter  

 When we applied suction, temperature enhanced with increasing effect of radiation and 

volume fraction for both steady and unsteady states, but in case of injection temperature  

increases in unsteady whereas in steady state it reduces . 
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Fig. 1. Physical configuration and coordinate system. 
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Fig. 2Effect of variation inradiation parameter N in (a) Injection (S> 0) (b) Suction (S< 0) on the temperature  

profile  when Pr = 6.2, time t = 0.1,  = 0.1 

a)         b) 

 

Fig. 3Effect of variation inradiation parameter N (a) Injection (S> 0) (b) Suction (S< 0) on the temperature  profile  

when Pr = 6.2, time t = 0.1,  
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Fig. 4Effect of variation intime t (a) Injection (S> 0) (b) Suction (S< 0) on the temperature  profile  when Pr = 6.2, N 

=1,  = 0.1 

 

 

 

 

 
 

a)       b) 

 
Fig. 5Effect of variation intime t (a) Injection (S> 0) (b) Suction (S< 0) on the velocity profile when Pr = 6.2,  

 = 0.1, M = 1, K = 0.1, Gr = 5, N = 1 
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Fig. 6Effect of variation inpermeability parameter K (a) Injection (S> 0) (b) Suction (S< 0) on the velocity profile 

when Pr = 6.2,  = 0.1, M = 1, t = 0.1, Gr = 5, N = 1 
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Fig. 7Effect of variation inmagnetic parameter M (a) Injection (S> 0) (b) Suction (S< 0) on the velocity profile when 

Pr = 6.2,  = 0.1, K = 0.1, t = 0.1, Gr = 5, N = 1 
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Fig. 8Effect of variation involume fraction of nanofluid (a) Injection (S> 0) (b) Suction (S<0) on the velocity 

profile when Pr = 6.2, , K = 0.1, t = 0.1, Gr = 5, N = 1 
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Fig. 9Effect of variation inGrashoff number Gr (a) Injection (S> 0) (b) Suction (S< 0) on the velocity profile when 

Pr = 6.2,  = 0.1, K = 0.1, t = 0.1, M = 1, N = 1 
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a)        b) 

 
Fig. 10Effect of variation in radiation parameter N  (a) Injection (S> 0) (b) Suction (S< 0) on the velocity profile 

when Pr = 6.2,  = 0.1, K = 0.1, t = 0.1, M = 1, Gr = 5 

 

 

 

 

 

Table 1 Thermophysical properties of fluid and nanoparticles [25] 

 
Physical properties Ethylene Glycol Cu (Copper) 

Cp (J/kg K) 2415 385 

ρ (kg/m3) 1114 8933 

k(W/m K) 0.252 400 

(1/ K) 57× 10-5 1.67× 10-5 
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